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Abstract. The notion of derivatives for smooth representations of GL(n, Q p ) was defined in IBZ77| . 
In the archimedean case, an analog of the highest derivative was defined for irreducible unitary repre- 
sentations in Sa h89l and called the "adduced" representation. In IAGSI derivatives of all orders were 
defined for smooth admissible Frechet representations (of moderate growth). 

A key ingredient of this definition is the functor of twisted coinvariants with respect to the nilradical 
of the mirabolic subgroup. In this paper we prove exactness of this functor and compute it on a certain 
class of representations. This implies exactness of the highest derivative functor, and allows to compute 
highest derivatives of all monomial representations. 

In IAGSI these results are applied to finish the computation of adduced representations for all ir- 
reducible unitary representations and to prove uniqueness of degenerate Whittakcr models for unitary 
representations . 



1. Introduction 

The notion of derivative was first defined in |BZ77j for smooth representations of G n = GL(n) over 
non-archimedcan fields and became a crucial tool in the study of this category. The definition of derivative 
is based on the "mirabolic" subgroup P n of G n consisting of matrices with last row (0, . . . , 0, 1). The 
unipotcnt radical of this subgroup is an (n — l)-dimcnsional linear space that we denote V n , and the 
reductive quotient is G n -\. The group G n -i has 2 orbits on V n and hence also on V*: the zero and the 
non-zero orbit. The stabilizer in G„_i of a non-trivial character tjj of V n is isomorphic to P n _i. 

The construction of derivative is based on two functors: $ and "J. This paper deals only with the 
functor <!> of (normalized) twisted zero homology (in other words co-equivariants) with respect to (V n , ip), 
which goes from the category of smooth representations of P n to the category of smooth representations 

Of P n -1. 

To be more precise, fix an archimedean local field F and denote G n := GL(n, F). Let p„, t>„, .. denote 
the Lie algebras of the corresponding Lie groups. Let tp n be the standard non-degenerate character of V n , 
given by tjj n (xi, . . . , x n _i) := exp(y/— l7r Re x n -i)- We will also denote by ip n the corresponding character 
of the Lie algebra 0„. For all n and for all representations 7r of p n , we define 

$(7r) := | det |~ 1/2 <g) 7T( Dni ^ n ) := | det |~ 1/2 <g> 7r/Span{cra - ip n (a)v : v £ n, a £ 0„} 

Now, define E k (ir) := $ fe - 1 ( 7 r). This is one of the three notions of derivatives defined in |AGS| . The 
other two are obtained from this one by applying coinvariants (respectively generalized coinvariants) with 
respect to t> n _fc+i. However, in this paper we will only prove results concerning E k . 

In the non-archimedean case there is an equivalence between the category of smooth representations 
of P n and the category of G„_i-equivariant sheaves on V*. This equivalence is based on the Fourier 
transform. Under this equivalence, $ becomes the fiber at the point tp. It can also be viewed as the 
composition of two functors: restriction to the open orbit and an equivalence of categories between 
equivariant sheaves on the orbit and representations of the stabilizer of a point. We used this as an 
intuition for the archimedean case. In particular, we expected $ to be exact, which indeed is one of the 
main results of this paper, that we will now formulate. 

Let Ai{G n ) denote the category of smooth admissible Frechet representations of moderate growth. 

Theorem A. For any < k < n 
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(1) E k : M(G n ) — > M(p n ) is an exact functor. 

(2) For any tt £ A4(G n ), the natural (quotient) topology on E k {ix) is Hausdorff, i.e. u k (TT<E> (~ip k )) 
is closed in tt. 

For proof see 

Theorem B. Let n = ni + ■ ■ ■ + and let \i oe characters of G ni . Let tt = xi x ■ ■ ■ x Xk denote the 
corresponding monomial representation. Then 

E k (n) = E\ Xl ) x • • • x E\ X k) = ((xOlc^ x • • • x ( X k)\ Gnk ^)- 

We prove this theorem in 2) 

In the case of k = n this becomes the Whittaker functor, which is known to be exact by jCHMOOj . In 
this case Theorem iBl implies that the space of Whittaker functionals on a principal series representation 
is one-dimensional, which was proven for G n by Casselman-Zuckcrman and for a general quasi-split 
reductive group by Kostant. 

1.1. Structure of our proof. 

1.1.1. Exactness and Hausdorffness. It turns out to be convenient to prove the exactness and the Haus- 
dorffness together. Let us describe the proof of exactness, and the proof of Hausdorffness will be incor- 
porated into this argument. 

The ideas of the proof come from two sources: the proof of the case k = n given in |CHM00| and the 
analogy with the p-adic case, where one can use the language of equivariant ^-sheaves. 

In jCHMOO] , the first step of the proof is reduction to the statement that the principal series represen- 
tations are acyclic, using the Casselman embedding theorem. This step works in our case as well. Then 
in |CHM00] they prove that the principal series representations are acyclic by decomposing them with 
respect to the decomposition of the flag variety into [/" orbits. In their case, there is a finite number of 
{/" orbits and each orbit corresponds to an acyclic representation. In our case, U k has infinitely many 
orbits on the flag variety and some of them give rise to non-acyclic representations. 

Eventually we show that these problematic orbits do not contribute to the higher (u„, ?/>^)-cohomologies 
of principal series since they are immersed in smooth families of orbits most of which give rise to acyclic 
representations. It is difficult to see that directly, therefore we turn to the strategy inspired by equivariant 
sheaves. 

If we had a nice category of P ra -representations, which like in the p-adic case was equivalent to a nice 
category of G n — l -equivariant sheaves on V* , then the functor $ would be a composition of a restriction 
to an open set and an equivalence of categories, and thus it should be exact. Unfortunately it seems 
too hard at this point to define such categories. Rather than doing this we define a certain class of 
P„-representations. We define it using specific examples and constructions and not by demanding certain 
properties. We do not view this class as a "nice category of representation of P„" , in particular we do 
not analyze it using equivariant sheaves. However it is sufficient for the proof of exactness. Namely we 
prove that this class includes the principal series representations of G n . We prove that it is closed under 
$. Finally, we prove that its objects are acyclic with respect to 3>. 

In order to do this we develop some tools for computing the homology of representations constructed 
in a geometric way. 

1.1.2. Derivative of monomial representations. In the non-archimedean case, jBZ77j provides a descrip- 
tion of any derivative of a Bernstein- Zelevinsky product p\ x p2 in terms of derivatives of p\ and p2- 
This description immediately implies the natural analog of Theorem [B] This description is proved using 
geometric analysis of the Bernstcin-Zelevinsky product as the space of sections of the corresponding sheaf 
on the corresponding Grassmanian. 

This method is hard to translate to the archimcdean case for the following reasons. 

• The analogous statement for the derivative as we defined it here does not hold. If we would not 
replace the functor of coinvariants by the functor of generalized coinvariants then the analogous 
statement might hold. However, we would lose the exactness, which played a crucial role in the 
proof in [BZ77] . 
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• We do not have an appropriate language of infinite-dimensional sheaves. 

For these reasons, we prove a product formula only for the depth derivatives, and only for products 
of characters. The drawback of that approach is that we have to consider product of more than two 
characters. 

We prove the product formula using the geometric description of monomial representations. More 
specifically, we decompose the corresponding flag variety into P„-orbits. This decomposition gives a 
filtration of the monomial representation. We compute the functor $ on each of the associated graded 
pieces in geometric terms, and use the exactness of $ to proceed by induction. 

1.2. Tools developed in this paper. 

1.2.1. The relative Shapiro lemma. In the proof of the exactness of the derivatives we are interested in 
the study of homology of representations of the following type. Let a real algebraic group G act on a 
real algebraic manifold X, and let f be a G-cquivariant bundle over X. Consider the space S(X,£) of 
Schwartz sections of this bundle (see fl2.4[) . This is a representation of G. For technical reasons we prefer 
to study Lie algebra homology rather than Lie group homology. Thus we will impose some homotopic 
assumptions on G and X so that there will be no difference. In the case when X is homogeneous, 
i.e. X = G/H, a version of the Shapiro Lemma states, under suitable homotopic and unimodularity 
assumptions on G and H, that H*(g,S(X,£)) = H*(f), £m), where £[i] denotes the fiber of £ at the class 
of 1 in G/H (cf. |AG10p . 

In Appendix fX] we prove a generalization of this statement to the relative case. Namely, let G act on 
X x Y and £ be a G-equivariant bundle over X x Y. Suppose that X = G/H. Then, under the same 
assumptions on G and H, we have 

H.( fl ,5(X x Y,£)) = H„(lj,S([l] x Y,£ [1]xY )). 

For the zero homology this statement is in fact Frobenius descent (cf. |AG091 Appendix B.3]). 

1.2.2. Homology of families of characters. In the proof of the exactness of the derivatives, we use the 
relative Shapiro lemma to reduce to the study of H*(q,S(X,£)), where the action of G on X is trivial. 
Moreover, in our case £ is a line bundle and g is abclian. In we prove that S(X, £) is acyclic and 
compute Ho(g, S(X, £)) under certain conditions on the action of G on £. 

1.2.3. Tempered equivariant bundles. Since we discuss non-algebraic (e.g. unitary) characters, it might 
become necessary to consider non-algebraic geometric objects. We tried to avoid that, but had to consider 
vector bundles of algebraic nature with a non-algebraic action of a group. A similar difficulty arose in 
[AG| . and the notion of tempered equivariant bundle was defined in order to deal with it. In this paper 
we develop more tools to work with such bundles. 

1.3. Structure of the paper. 

The proof of exactness and Hausdorffncss of <J> fc and the computation of the depth derivative of the 
monomial representations are based on the theory of Schwartz functions on Nash manifolds. In W2A\ we 
review this theory, including the notion of equivariant tempered bundle. 

In fJ3] we prove that $ fc is exact functor on the category of smooth admissible representations and 
that ^(tt) is Hausdorff for any reducible smooth admissible representation ir. In ^3.11 we introduce 
the class of good representations of p„. The construction of this class is based on representations with 
simple geometric descriptions that we call geometric representations. We prove that this class includes 
the principal series representations of G„, is closed under <E> and that its objects are acyclic with respect 
to In order to prove the last two statements we use Lemma 13.1.1 1 (the key lemma), which is proved in 

m 

In [2] we compute the depth derivative of a monomial representation. This computation is based on 
the computation of certain geometric representations. We formulate the results of this computation in 
^4.41 and prove them in §t |5.8l 
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In |J5] we give the postponed proofs of the technical lemmas that were used in sections [3] and 2] For 
this we need some preliminaries on homological algebra, topological linear spaces and Schwartz functions 
on Nash manifolds, which we give in subsections 15.11 IB~3l and 15.51 

In Sj6]we prove the key lemma (Lemma 13.1. 

In Appendix lAl we prove a version of the Shapiro lemma which is crucial for the proof of Lcmma l3.1.1l 

1.4. Acknowledgements. We cordially thank Joseph Bernstein for fruitful discussions. 

Part of the work on this paper was done during the program "Analysis on Lie Groups" at the Max 
Planck Institute for Mathematics (MPIM) in Bonn. The authors would like to thank the organizers of 
the programm, Bcrnhard Kroetz, Eitan Sayag and Henrik Schlichtkrull, and the administration of the 
MPIM for their hospitality. 

2. Preliminaries 

2.1. Notation and conventions. 

• We will denote real algebraic groups by capital Latin letters and their complexified Lie algebras 
by small Gothic letters. 

• Let g be a complex Lie algebra. We denote by Ai(g) the category of (arbitrary) g-modules. Let 
i/j be a character of g. For a module M <G A4(g) denote by M 3 the space of g-invariants, by M 9 '^ 
the space of (g, f/^-equivariants, by M g the space of coinvariants, i.e. M g := M/gM and by M g ^ 
the space of (g, i/>)-coequivariants, i.e. M g ^ := (M ® (—ip))g- 

• G n := GL(n, F), we consider the standard embeddings G n C G m for any m > n, we denote the 
union by Goo and all the groups we will consider will be embedded to G^ in a standard way. 

• By a composition of n we mean a tuple (m, . . . , n&) of natural numbers such that n\+- ■ -+nk = n. 
By a partition we mean a composition which is non- increasing, i.e. ni > ■ ■ ■ > Uk- 

• For a composition A = (m, . . . , rife) of n we denote by Pa the corresponding block- upper triangular 
parabolic subgroup of G n . For example, Pm.,.,1) = B n denotes the standard Borel subgroup, 
P(n) = G n and P( n ~i.i) denotes the standard maximal parabolic subgroup that includes P n . 

• We denote by P n C G n the mirabolic subgroup (consisting of matrices with last row (0, . . . , 0, 1)). 

• Let V n C P n be the last column. Note that V n = F™ -1 and P n = G„_i x V n . Let U% := 
V n ~k+iV n -k+2 ■ ■ -V n and := G n -kU*. Note that is the unipotent radical of S^. Let 
AT — JJ n 

• Fix a non-trivial unitary additive character 9 of F, given by 0(x) = exp(V— l7rRex). 

• Let : — > F be the standard non-degenerate homomorphism, given by ^{u) = 
E-=^ fe ^ + iand \et^:=8o^ n . 

We will usually omit the n from the notations C7„ and S„, and both indexes from 

Definition 2.1.1. Define the functor $ : M(p n ) -> M.(p n -i) by $(7r) := n Vn ^ ® | dct | -1 / 2 . 

For a p n -module tt we define derivative by E k (it) := $ fc_1 (7r) := 7r u fe-i ^,h-i ® \ dct | _ ( fc_1 )/ 2 . Clearly it 
has a structure of a p„_fe + i - representation. For convenience we will also use untwisted versions of the 
above functors, defined by $(tt) := $(tt) ® \ det | 1/2 ; and E k {it) := E k (n) ® | det l^- 1 )/ 2 . 

2.2. Smooth representations. 

Theorem 2.2.1 (Casselman-Wallach). 

(i) The category M.(G) is abelian. 
(ii) Any morphism in Aioo(G) has closed image. 

Theorem 2.2.2 (Cassclman subreprescntation theorem, see |CM82j . Proposition 8.23). Letn be a finitely 
generated admissible (g, K)-module and P be a minimal parabolic subgroup of G. Then there exists a 
finite- dimensional representation a of P such that tt may be imbedded into Indp(o~). 
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2.3. Parabolic induction and Bernstein-Zelevinsky product. Let G be a real reductive group, P 
be a parabolic subgroup, M be the Levi quotient of P and pr : P — > M denote the natural map. 

Notation 2.3.1. 

• For a Lie group H we denote by Ah the modulus character of H, i.e. the absolute value of the 
determinant of the infinitesimal adjoint action. 

• For ir G Ai(M) we denote by I^(%) the normalized parabolic induction of n, i.e. the space of 
smooth functions f : G — > it such that f(pg) = Ah (p) 1 ^ 2 AG{p)~ 1 ^ 2 ^{j>r{p)) f {g) , with the action 
ofG given by (ig f)(x) := f(xg). 

2.3.1. Bernstein-Zelevinsky product. We now introduce the Bernstein-Zelevinsky product notation for 
parabolic induction. 

Definition 2.3.2. If a = (m, . . . , nk) is a composition of n and m G A4(G rii ) then m ® ■ ■ ■ ® 7r^ is a 

representation of L a « G ai x • • • x G ak . We define 

7Ti x ■ ■ • X TT k = Ip^ (7Ti ® • • • (g> ir k ) 

iv i x • • • x TTk will be referred to below as the Bernstein-Zelevinsky product, or the BZ-product, or 
sometimes just the product of 7Ti, . . . , TTk- It is well known (see e.g. |Wall921 §§12.1]) that the product is 
commutative in the Grothendieck group. 

2.4. Schwartz functions on Nash manifolds. In the proofs of Theorems [Al and [Bl we will use the 
language of Schwartz functions on Nash manifolds, as developed in |AG08] . 

Nash manifolds are smooth semi-algebraic manifolds. In sections [3] and 0] only algebraic manifolds 
are considered and thus the reader can safely replace the word "Nash" by "real algebraic" . However, in 
section [5] we will use Nash manifolds which are not algebraic. 

Schwartz functions are functions that decay, together with all their derivatives, faster than any polyno- 
mial. On l n it is the usual notion of Schwartz function. We also need the notion of tempered functions, 
i.e. smooth functions that grow not faster than a polynomial, and so do all their derivatives. For precise 
definitions of those notions we refer the reader to |AG08j . In this section we summarize some elements 
of the theory of Schwartz functions. We will give more details in ^5.51 

Notation 2.4.1. Let X be a Nash manifold. Denote by S(X) the Frechet space of Schwartz functions 
on X . For any Nash vector bundle £ over X we denote by S(X,£) the space of Schwartz sections of £ . 

Proposition 2.4.2 ( AG08, , Theorem 5.4.3). Let U C X be a (semi- algebraic) open subset, then 
S{U,£) = {<fi € S(X,£)\ (f> is on X\U with all derivatives}. 

Notation 2.4.3. Let Z be a locally closed semi- algebraic subset of a Nash manifold X . Let £ be a Nash 
bundle over X . Denote 

S X {Z,£) :=S{X - (Z - Z),£)/S(X -Z,£). 
Here we identify S(X — Z,£) with a closed subspace of S{X — (Z — Z), £) using the description of Schwartz 
functions on an open set (Proposition \2.4Jfy . 

Corollary 2.4.4. Let X := (J i=1 Xi be a Nash stratification of a Nash manifold X , i.e. (Ji=j * s an 
open Nash subset of X for any j. Let £ be a Nash bundle over X . 

Then S(X,£) has a natural filtration of length k such that Gr l (S(X,£)) = Sx{Xi,£). 

Moreover, if Y is a Nash manifold and X <zY is a (locally closed) Nash submanifold then Sy{X,£) 
has a natural filtration of length k such that Gr % (Sy (X , £)) = Sy{Xi,£). 

Notation 2.4.5. Let X be a Nash manifold. 

(i) We denote by Dx the Nash bundle of densities on X . It is the natural bundle whose smooth sections 
are smooth measures. For the precise definition see e.g. [AGlOj . 

(ii) Let <f> : X — > Y be a map of (Nash) manifolds. Denote Dy '■= D^ := <fi*(D Y ) <8> Dx- 
(Hi) Let £ -^Y be a (Nash) bundle. Denote ? (£) = </>*(£) ® D§ . 

Remark 2.4.6. If <j> is a submersion then for all y G Y we have Dyl^-ity) — D^-ir y y 
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2.5. Tempered functions. Analyzing smooth representations from a geometric point of view we en- 
counter two related technical difficulties: 

• Most characters of F x are not Nash 

• ip is not Nash. 

This makes the group action on the geometric objects that we consider to be not Nash. This could cause us 
to consider geometric objects outside the realm of Nash manifolds. In order to prevent that we introduce 
some technical notions, including the notion of G-tempered bundle which is, roughly speaking, a Nash 
bundle with a tempered G-action. The price of that is the need to make sure that all our constructions 
produce only Nash geometric objects. 

Notation 2.5.1. Let X be a Nash manifold. Denote by T(X) the space of tempered functions on X . 
For any Nash vector bundle £ over X we denote by T{X,£) the space of tempered functions of E. 

Note that any unitary character of a real algebraic group G is a tempered function on G. 

Definition 2.5.2. Let X be a Nash manifold and let £ and £' be Nash bundles over it. A morphism of 
bundles <j) : £ — > £' is called tempered if it corresponds to a tempered section of the bundle Hom(£, £'). 

Note that if <fr :£—>£' is a tempered morphism of bundles, then the induced map C°°(X,£) — > 
C°°(X,£') maps S(X,£) to S(X,£') and T(X,£) to S(X,£'). 

Definition 2.5.3. Let a Nash group G act on a Nash manifold X. A G-tempered bundle £ over 
X is a Nash bundle £ with an equivariant structure 4> : a*(£) —> p*{£) (here a : G x X — > X is the 
action map and p : G x X — > X is the projection) that is a tempered morphism of bundles such that 
for any element L in the Lie algebra of G and any open (semi-algebraic) subset U C X the derived map 
a(L) : C°°(U,£) C°°(U,£) preserves the sub-space of Nash sections of £ on U. 

Definition 2.5.4. • We call a character \ of a Nash group G multiplicative if x — t 1 ° X> where 

X '■ G — > F x is a homomorphism of Nash groups and fi : F x — > <C X is a character. Note that all 
multiplicative characters are tempered. 

• A multiplicative representation of G is a product of (finite- dimensional) Nash representation of 
G with a multiplicative character. 

• Let a Nash group G act on a Nash manifold X. A G-tempered bundle £ over X is called G- 
multiplicative bundle if for any point x € X, the fiber £ x is a multiplicative representation of 
the stabilizer G x . 

3. Proof of exactness and Hausdorffness (Theorem El) 

We will prove Theorem |X] for the "untwisted" functor E k . Clearly, these versions are equivalent. 
The proof is based on the following theorem. 

Theorem 3.0.1. There exists a sequence of collections {C n }^) =l of topological Hausdorff p n - 
representations such that 

(1) Any representation parabolically induced from a finite- dimensional representation of the torus lies 
in C n . 

(2) For any tt € C n , tt ® (— tp) is V n -acyclic (as a linear representation) . 

(3) For any n € C„, we have r Kt> n ,il> € G„_i. 

We will prove this theorem in ^3.11 

Corollary 3.0.2. Any p n -representation it of the class C n is acyclic with respect to E k and E k (Tr) is 
Hausdorff, for any < k < n. 

This corollary follows from Theorem 13.0. 11 using the following lemma that we will prove in ^5.21 

Lemma 3.0.3. Let it be a representation of p n . Suppose that it is ^-acyclic and <&(7r) is E k -acyclic. 
Then ir is E k+1 -acyclic. 
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Corollary 3.0.4. Any representation n of G n parabolically induced from a finite- dimensional represen- 
tation of the torus is acyclic with respect to E k and E k {ir) is Hausdorff, for any < k < n. 

Now we are ready to deduce Theorem [5] The deduction follows the lines of the proof of CHMOO , 
Lemma 8.4]. 

Proof of Theorem\2^ (^Q) First of all, note that it is enough to show that for any it E A4(G n ), the 
u n ' fe -representation n ® (— if) k ) is acyclic. 

We will prove by downward induction on I that i? (u„,7r <E> (— V**)) = f° r an Y n G ■M.(G n ). For 
I > dimu„ it follows from the Koszul complex (see ^ £)5.1.1[) . Let us assume that the statement holds for 
I + 1 and prove it for I. By the Casselman subrepresentation theorem (Theorem I2.2.2[) . one can embed 
7T into a representation / parabolically induced from a finite dimensional representation of the torus. 
Consider the short exact sequence 

-> it -> / ->• I/tt -> 0. 

By Theorem [2~2~Tl I/tt g M{G n ) and thus, by the induction hypothesis, H l+1 (u k , (J/7r)®(-^)) = 0. By 
CorollaryEMl H*(u k , I® (-^)) = OforalH > 0. Thus, ff^tifc, 7r®(-^)) = ff' +1 (u,i (^AM"V^)) = 
0. 

@ By the Casselman subrepresentation theorem (Theorem 12. 2.2[) . one can embed tt into a represen- 
tation I parabolically induced from a hnite dimensional representation of the torus. By ([TJ, we have an 
embedding E k (jr) <-t E^I). By Corollary 13.0. 41 E k (I) is Hausdorff and hence E k (ir) is Hausdorff. 

□ 

3.1. Good p n -representations and the key lemma. The following lemma will play a key role in this 
and the next section. 

Lemma 3.1.1 (The key lemma). Let T be a Nash linear group, i.e. a Nash subgroup of GLk(^) for 
some k, and let R := P„ x T and R' := G„_i x T. Let Q < R be a Nash subgroup and let X := R/Q 
and X' := V n \X . Note that X' = R'/Q', where Q' = Q/(Q n V n ). Let X = {x g X : tp\<y n ) x = !}• Let 
X' be the image of X^ in X' . Let £' be an R' -tempered bundle on X 1 and £ := p x ,(£') be its pullback to 
X . Then 

(i) Hi(0„,<Spf,£) ® {-ip)) = for any i > 0. 
(ii) Xq is smooth 

(Hi) Ho(t) n , 5(X, £ ) ig) (—ip)) — S(Xq,£\xi ) ) as representations o/p„_i. 

We will prove this lemma in fJBl 

Definition 3.1.2. Let B n < G n denote the standard (upper-triangular) Borel subgroup. In the situation 
of the above lemma, assuming that (B n l~l P n ) x T has finite number of orbits on X, and that £' is 
R' -multiplicative we call the representation S(X,£) a geometric representation o/p„. 

Definition 3.1.3. We define a good extension of nuclear Frechet spaces to be the following data: 

(1) a nuclear Frechet space W 

(2) a countable descending filtration F l (W) by closed subspaces 

(3) a sequence of nuclear Frechet spaces Wi 

(4) isomorphisms fa : F i+1 (W)/F i (W) -> Wi 

such that the natural map W — > lim W/ F l (W) is an isomorphism of (non-topological) linear spaces. 

In this situation we will also say that W is a good extension of Wi . If a Lie algebra g acts on W and 
on Wi, preserving F l (W) and commuting with <p we will say that this good extension is ^-invariant. 

Definition 3.1.4. We define the collection of good representations ofp n to be the smallest collection that 
includes the geometric representations and is closed with respect to p n -invariant good extensions. 

We will prove the following concretization of Theorem l3.0.1l 

Theorem 3.1.5. 

(1) The representations of G n parabolically induced from a finite dimensional representation of the 
torus are good representations of p n . 
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(2) For any good representation tt ofp n , tt <E> (— ip) is <o„-acyclic (as a linear representation). 

(3) For any good representation tt of p n , the representation TT Vn ,^> is good representation of p n -\. 

For the proof we will need some lemmas. 

Lemma 3.1.6. Let T be a Nash linear group, and let R := P„ x T and R' := G n -± x T. Let Y be an 
R-Nash manifold. Let X C Y be an R-invariant (locally closed) Nash submanifold such that (B n nP n ) x T 
has finite number of orbits on X . Let £ be an R-multiplicative bundle on Y . Then the representation 
Sy(X,£) is good. 

We will prove this lemma in ^5.61 

Lemma 3.1.7. Let G be a Nash group and H be a closed Nash subgroup. Let x be a multiplicative 
character of H. Let K be a closed Nash subgroup of G such that KH = G and x\khh is a Nash 
character. Let E = G x jj \ be the smooth bundle on G/H obtained by inducing the character \- Then £ 
admits a structure of a G -multiplicative bundle. 

We will prove this lemma in ^5.71 

Corollary 3.1.8. Let y be a character of the torus T n < B n < G n , continued trivially to B n . Let 
tt = Ind^j" (\)- Then there exists a G n -multiplicative bundle £ on G n /B n such that tt = S(G n /B n ,£). 

Lemma 3.1.9. Let g be a Lie algebra. Let (7T,F,TTi) be a ^-invariant good extension. Suppose that 7r, are 
Q-acyclic and Ho(g,7Ti) is Hausdorff for any i. Then tt is acyclic and Ho(0,7r) together with the induced 
filtration F l (H o (0,7r)) = F 1 ( / k)/(qtt H F l (n)) and the natural morphisms F l (H (g, 7r))/F I+1 (H (g, tt)) — > 
Ho(0,7Ti) form a good extension. In particular, Ho(g,7r) is Hausdorff. 

We will prove this lemma in ^5.41 

Proof of Theorem \3.1.5\ 

|T]) Let a be a finite dimensional representation of the torus and let tt G A4(G n ) be its parabolic 
induction. Without loss of generality, by the definition of goodness, we can assume that a is a 
character. In this case tt is good by Corollary 13. 1.81 and Lemma T3. 1.61 

10 The key lemma (Lemma 13.1. ID implies that tt (g) (— tp) is acyclic for any geometric representation 
tt. Hence Lemma 13.1.91 implies by induction that tt<S> (— VO is acyclic for any good representation 

TT. 

If tt = S(X,£) is a geometric representation then by the key lemma (Lemma 13. 1 . If) . 7Td„,V> — 
S(Xq, £'\x' ), where £' and X' Q are as in the key lemma. Let T denote the product of T with the 
center of G n -\. Clearly, T acts on X' and £? ra _i x T = (B n _i n P n -i) x T has a finite number 
of orbits on Xq. Thus, by Lemma 13.1.61 7Td„,i/; is good. 

Now let tt be a good representation. We can assume by induction that tt is a good extension 
of TTi, where 7Tj are good and (7Tj) d?ii ^ are good. Then Lemma |3.1.9I implies that TT 0n ^ is a good 
extension of (Tti) Vni ^, and hence is good. 

□ 

For the proof of Theorem [B] we will need the following corollary of Lemma 13.1.91 and Theorem 13.1.51 

Corollary 3.1.10. Let (tt, F, TTi) be a p„ -invariant good extension of good representations of p n - Then 
E k (rr) together with the induced filtration defined by the images of E k (F l (tt)) and the natural morphisms 
F i (E k (Tr))/F i+1 (E k (TT)) -> E k (TTi) form a good extension. 

4. Highest derivative of monomial representations (Proof of Theorem [B]) 

We first sketch the proof for the case of product of two characters. We believe that using an appropriate 
notion of Frechct bundles it will be possible to upgrade this proof to the case highest derivative of product 
of two arbitrary representations, which by induction will give a more straightforward proof of Theorem 

m 

Since we do not currently have a proof for a product of two representations, in ^4.31 - 14.51 we prove 
Theorem [B] directly for a product of k characters. 
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4.1. Sketch of proof for the case k = 2. First, note that there exists a G^-multiplicative line bundle 
£ over G n / Pr ni! n 2 ) such that xi x X2 = <S(G n /P( ni . n2 ),£) and the action of P( ni .n 2 ) on the fiber is given 
by trivial extension of xi ® X2j twisted by a power of the determinant. 

Let u>„ <G G„ denote the longest Weyl group element. Let xi,x% € X be the classes of 1 and w„ in 
correspondence and let 0\ and O2 be their P n -orbits. Note that X = 0\ U Oi- Thus, by Corollary |2.4.41 
we have a short exact sequence 

-> S(0 2 ,£) -> -> 5jc(Oi,f) -> 0. 

By Lemma 13.1.61 5(0-2, £) and Sx{0\,£) arc good. By Theorem 13.1.51 5(02, £) and 5x(0i,£) arc 
acyclic with respect to $ and thus we have a short exact sequence 

-> $(5(0 2 ,£)) ->■ -> $(5 x (Oi,£)) ->■ 0. 

The proposition follows from the following 2 statements: 

(1) $(S x (O 1 ,£)) = 

(2) <&(S(0 a ,£)) = (ttOIg^^ x (tt 2 )| g „ 2 _ 1 . 

Let us first show (JTJ. Using the results of $3] and a version of the Borel lemma (Lemma 15.5. 17p . 
we reduce to the statement <&(5(0i, £')) = for any P n -multiplicative equivariant bundle £'. Let 
p : 0\ — > V n \0\ be the natural projection. Using the nilpotency of the action of V n on £' we reduce 
to the case £' = p'(£" ). This case follows by the key lemma (Lemma I3.1.1[) from the inclusion P Xl = 

Pn n P(ni,n a ) ^ ^n- 

The proof of (J2J) is a computation based on the key lemma (Lemma 13.1.11) . 

4.2. Structure of the proof. Let A = (m, . . . , rife) be a composition of n. The monomial representation 
is isomorphic to S(G n /P\, £) for some G n -multiplicative line bundle £ over X := G n /P\. Let Ox, ■ • ■ , Ok 
be the P„-orbits on G n /P\, where Ox is the open orbit. We reduce the problem to the following two 
tasks: 

• to compute E k (S(Ox,£)) 

• to show that E k (S x (Oi, £')) for any P n -multiplicative equivariant bundle £ on X any 2 < i < k. 

We do both tasks by induction using the key lemma ( Lemma 13 XT]) and the fact that the P„_i-orbits on 
the geometric quotient V n \Oi looks exactly like Oj when n is replaced by n — 1. 

In §i j4.3l we study the geometry of P n -orbits on X. In ? ^4.4l we reformulate the above tasks in explicit 
lemmas, that will be proven in ^5.81 In § £14.51 we prove Theorem |B1 using those lemmas. 

4.3. Geometry of P„-orbits on flag varieties. Let A = (n\, . . . ,rik) be a composition of n. In this 
subsection we describe the orbits of P n on G n /P\. Note that the scalar matrices act trivially on G/P\ 
and thus P n orbits coincide with P n _x,i-orbits. By Bruhat theory, P( n _i.i)\G n / P\ can be identified with 
the set of double cosets of the symmetric group permuting the set {1, . . . , n} by subgroups corresponding 
to P( n _i.i) and P\ respectively. The first subgroup is the stabilizer of the point n, and the second is the 
subgroup of all permutations that preserve the segment [rij_i + 1, m] for each i. Thus, the double quotient 
consists of k elements. Now we want to find a representative in G n for each double coset. We can choose 
all of them to be powers of the standard cyclic permutation matrix. This discussion is formalized in the 
following notation and lemma. 

Notation 4.3.1. 

• Let c £ G„ denote the standard cyclic permutation matrix, i.e. cei = e^+i for i < n and ce n = ex, 
where ej are basis vectors. 

• m\ := Y^i—x n i- I n particular, m\ = n. 

• Forl<i<k, let w\ := c™~ m A~' +1 E G n 

• P{:= wiPxiwi)- 1 . 

• Let x\ be the class of w\ in G n /P\ and 0\ := P n x\. 
. Q\ :=PinP„. 

See Appendix IB1 for examples of the objects described in this and the following notations. 
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Lemma 4.3.2. 

(i) The stabilizer of x\ is Q\. 
(ii) 0\ are all distinct, 
(m) G n /P x = Uti 0\ 

(iv) For any I < k, U i=1 0\ is closed in G n /P\ . 

We will also be interested in the representatives of P„-orbits on G n /P x . 
Notation 4.3.3. Let A = (ni, . . . , n^) be a composition of n. For 1 < i,j < k, 
. Letwf : K)"W A G G„ 

• Lei a;^ &e the class of w x in G n /P x and O x := P n x l x . 
Corollary 4.3.4. Fix i < k. Then 

(i) The stabilizer of x l x is Q{. 
(ii) O x are all distinct. 

(m) c n /p{ = u u of 

(iv) For any I < k, Uj=i ®\ * s c l° se d in G n /P x . 

{ x% \}j=i * s a f u M system of representatives for P n -orbits in G n /P x , and the stabilizer of x l x is Q x . 

Notation 4.3.5. For any 1 < % < k, denote \~ := (n\, . . . , Jtj-i, rii — 1, n.j-|_i, . . . , rife). 

The following lemma is a straightforward computation (see Appendix iBl for a particular example.). 

Lemma 4.3.6. Let A = (ni,...,Hfc) 6e a composition of n. Let X := P/Q\ and Z := (V^)\X 6e £/ie 
geometric quotient. Note that Z = G n -i/P x , , where X' = 

Let L = Q\ n V n and Zq := {g G G n -i '■ ip{gL) = 1}. Note that Zq is right- invariant with respect to 
Pi,. LetZ Q :=Z /i$ C Z. 

Then x x J , G «/ and only if 1 < j < i. 

4.4. Derivatives of quasi-regular representations on P n -orbits on flag varieties. The proof of 
Theorem [Bl is based on two lemmas that we formulate in this subsection and prove in ^5.81 

Lemma 4.4.1. Let A = (n\, . . . , n&) be a composition of n. Let Y be a Nash P n -manifold and £ be 
a P n -multiplicative bundle on Y. Let Xq G Y be a point with stabilizer Q\ and let X := P n XQ. Let 
7T := S Y (X,£). Then E 1+1 (tt) = 0. 

Notation 4.4.2. • Denote by X the set of all characters of F x . 

• Let a = (cti, . . . , at) G X fc . Denote by £ A Q the character of L\ defined by 

k 

€\, a (9i,---,9k) = n( a *( dct (^))- 

i=l 

and by £a,c* the character of L\ defined by 

k 

Z x , a ( 9l , . . .,g k ) = ^ a A^ 2 \ Lx = JJCoiCdetCffOJI dct(. 9l )| ( "- m ^"^ 1)/2 ). 

• Let x\,a an dX\ a be the extensions of £\ ta an d£,\ a to P\. 

• Denote by x\. a and x\ a the characters of P{ defined by x\, a (9) = X\,a((w x )~ 1 gw x ) and 

xt, a (g) = x\, a (( w i)~ 1 9 w i)- 

Lemma 4.4.3. Let A = (n\, . . . ,rik) be a composition of n. Let X := P n /Q\- Let£ be a P n -multiplicative 
line bundle on X. Let n := S(X,£). Let xq G X be the class of the trivial element of P n . Consider 
£\ Xa Q>s a character of Q\. Suppose that this character is the restriction of x\ a to Q\, for some a = 
(ot\, . . . , ojfc) G X k . Then 

El ( 7T )\ Gn _ z = X( ni ),( 0l | det X ' ' ' X X(n k -i),(a h - t \ dot |"V2) X X(n fc _ 4+ i-l),(o k _ i+ i) X ■ ■ • X X(n k -l),(a k ) 
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4.5. Proof of Theorem [B 

Lemma 4.5.1. Let a — (a.±, . . . , otk) S There exists a G n -multiplicative line bundle £ over G/P\ 
such that X(ni),( Q i) X • ■ ■ X X{n k ),(a k ) = S{G / P\,E) and the action of P\ on the fiber £ x i is given by the 
character Xx,a- 

This lemma follows from Lemma 13.1.71 

Proof of TheoremXh\ Let X := G n /P\ and let £ be the G„-multiplicative equivariant bundle given 
by Lemma 14.5.11 We have to show that E k {S(X,£)) = X(m-i),(ai) x ■•• x X(n k -i),(a k )- Recall that 
by Lemma |4~331 G n /P\ = Ui=i l- Thus > b y Corollary I2A41 there is a finite filtration on S(X,£) 
such that Gr l (S(X, £ )) = Sx{0\,£). By Lemma f3. 1 .61 each Sx{0\,£) is a good representation of 
p„ and thus, by Theorem 13.1.51 Sx(0\, £) is E^-acyclic. Thus, E k (S(X, £)) has a filtration such that 
Gr l {E k (S(X,£))) = E k (S x (0{,£)). By Lemma HXT1 E k (S x (0\,£ )) = for all i < k. By Lemma 
I4A31 

E k {S{0\,£))\ Gn _ k = X(m-l),(ai) X • • • X X(.n h -l),(a h ) 

Thus, 

E k (S(X,£))\ Gri _ k = E k (S(O k ,£))\ Gn _ k = X (n 1 -i),(a 1 ) x ■■■ * X(n k -i),( ak ) 

□ 

Remark 4.5.2. Note that this proof gives a description of E l (xi X • • • X Xfc) / or 071 arbitrary I. More 
precisely, we get a filtration on this space and a description of each quotient. However, this is an infinite 
filtration, indexed by a rather complicated ordered set. 

In fact, we have a recipe to compute ^>(S(P/Q\, £)) for any multiplicative bundle £. First, we use 
Lemma \5.6.1\ to reduce to the case when £ is the pullback of a bundle £' on the geometric quotient 
P n /Q\V n . Then the key lemma (Lemma \3Al\) says <5>(S(P/Q\,£)) = S{X' ,£'), where X' C P n /Q\V n . 
The set Xq is described in Lemma \4-3.6] This gives us a filtration on S(Xq,£') such that the associated 
graded pieces are of the type S(P n -i/Q 3 ^_,£jk) where 1 < j < i and k > 0. 

Since the orbits of P n on X/P\ are P n /Q\, we can use this recipe in order to describe the value of 
the functor $ on products of finite- dimensional representations and then, proceeding inductively, we can 
describe the functor E % on such representations. 

5. Proofs of some technical lemmas 
5.1. Preliminaries on homological algebra. 

Definition 5.1.1. Let C be an abelian category. A family of objects A C Ob(C) is called a generating 

family if for any object X G Ob(C) there exists an object Y £ A and an epimorphism Y -» X . 

Definition 5.1.2 ([GM88 , III. 6. 3). Let C and V be abelian categories and T : C — > T> be a right- 
exact additive functor. A family of objects A C Ob{C) is called J- -adapted if it is generating, closed 
under direct sums and for any acyclic complex ■ ■ ■ — > A3 — > A2 — > A\ — > with Ai S A, the complex 
■ ■ ■ -> ^(A 3 ) -> J r {A 2 ) -» J 7 (A^ ->• is also acyclic. 

For example, a generating, closed under direct sums system consisting of projective objects is J- '-adapted 
for any right- exact functor J- . For a Lie algebra, the system of free Q-modules (i.e. direct sums of copies 
of U(q) ) is an example of such system. 

The following results are well-known. 

Theorem 5.1.3. Let C and T> be abelian categories and J- : C — > T> be a right-exact additive functor. 
Suppose that there exists an J- '-adapted family A C Ob(C). Then T has derived functors. 

Remark 5.1.4. Note that if the functor T has derived functors, and A is a generating class of acyclic 
objects then A is J- '-adapted. 
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Lemma 5.1.5. Let A, B and C be abelian categories. Let J 7 : A — > B and Q : B — > C be right-exact 
additive functors. Suppose that both J 7 and Q have derived functors. 

(i) Suppose that J 7 is exact. Suppose also that there exists a class £ C Ob(A) which is Q o J 7 -adapted 
and such that F{X) is Q-acyclic for any X € £ . Then the functors L l {Q oj 7 ) and L % Q oj 7 are isomorphic. 

(ii) Suppose that there exists a class £ C Ob(A) which is Q o J 7 -adapted and J 7 -adapted and such that 
J~(X) is Q-acyclic for any X G £ . Let Y € A be an J 7 -acyclic object. Then L l (Q o JF)(Y) is (naturally) 
isomorphic to L l Q(J-(Y)). 

(Hi) Suppose that Q is exact. Suppose that there exists a class £ C Ob(A) which is Q o T "-adapted and 
J 7 -adapted. Then the functors L l {Q o J 7 ) and Q o L'J 7 are isomorphic. 

5.1.1. Lie algebra homology. Let g be a Lie algebra and ir 6 A4(g). The homology of g with coefficients 
in 7r arc defined by fL(g,7r) := L l C(ir) 1 where C : M.(q) — > Vect is the functor of coinvariants and L l C 
denotes the derived functor. The homology Hi(g, n) is equal to the i-th homology of the Koszul complex. 

(1) <r- 7T <r- Q ® 7T i <r- A n (f|) (g) 7T 0. 

The following lemmas are standard and can be easily deduced from Lemma 15.1.51 

Lemma 5.1.6. Let I) C 0i C be Lie algebras. Let tjj be a character oft). Suppose that Qi stabilizes 
(f),V0- Let J 7 : M(q) ^ M(qi) be the functor defined by T \tt) = n^^. Then L 1 ^)^) = Hj(f),7r® (—i/)))- 

Lemma 5.1.7. Let q be a Lie algebra and i be its Lie ideal. Let tt be a representation of g. Suppose that 
7r is i-acyclic and Ho(i, 7r) is Q/i-acyclic. Then -k is Q-acyclic. 

The last lemma is in fact a special case of the Hochschild-Serre spectral sequence. 

5.2. Acyclicity with respect to composition of derivatives(Proof of Lemma 13. 0.3p . By Lemma 
I5.1.5f ii). it is enough to show that there exists a class of representations of p„ that is ^-adapted, E k+1 - 
adapted, and such that for every object r in the class, $(r) is E^-acyclic. We claim that the class of free 
[/(p„)-modules satisfies this conditions. 

For this it is enough to show that U(p n ) is E k+1 and $ acyclic and <5(f7 (p n )) is E acyclic. By Lemma 
15 . 1 . 61 it is equivalent to showing that 

Hj^+S U(p n ) ® = Hj(t>„, U(p n ) ® (-Vn)) = M£-l, U(pn)t, n ,^ n ® (-^-0) = 0, 

for any i > 0. This follows from the fact that U(p n ) <£> (— ip k+1 ) ^ s ^ ree u n +1 module, U(p n ) <E> (—ipn) is free 
0„- module and U(p n ) Vn ^ n <E> (— fpn-i) is f ree u^j^-module. This is immediate by the PBW theorem. 

5.3. Preliminaries on topological linear spaces. We will need some classical facts from the theory of 
nuclear Frechet spaces. A good exposition on nuclear Frechet spaces can be found in [CHM00. Appendix 
A]. 

Definition 5.3.1. We call a complex of topological vector spaces admissible if all its differentials have 
closed images. 

Proposition 5.3.2 (see e.g. [CHMOOj . Appendix A). 

(1) Let V be a nuclear Frechet space and W be a closed subspace. Then both W and V/W are nuclear 
Frechet spaces. 

(2) Let 

C : -> d -> > C n -> 

be an admissible complex of nuclear Frechet spaces. Then H l (C) are nuclear Frechet spaces. 

(3) Let 

C:Q^Ci^ ► C n -)• 

be an admissible complex of nuclear Frechet spaces. Then the complex C* is also admissible and 
Hi{C*) H^C)*. 
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Corollary 5.3.3. Let g be a (finite dimensional) Lie algebra and tt be its nuclear Frechet representation 
(i.e. a representation in a nuclear Frechet space such that the action map g (g) tt — > tt is continuous). 
Suppose that Hj(g,7r) are Hausdorff for all i > 0. Then Hj(0, tt) are nuclear Frechet and H l (g,TT*) = 
Hi(fl,7r)*. 

Proposition 5.3.4 (see e.g. [CHMOOj . Appendix A). 

Let — > V — > W — > U — > be an exact sequence of nuclear Frechet spaces. Suppose that the embedding 
V — > W is closed. Let L be a nuclear Frechet space. Then the sequence — > V®L — > W®L — > U ®L — > 
is exact and the embedding V®L — > W®L is closed. 

5.4. Co-invariants of good extensions (Proof of Lemma I3.1.9p . Let us first prove the following 
special case. 

Lemma 5.4.1. Let — > L — V M — > N — > be a short exact sequence of nuclear Frechet representations 
of a Lie algebra g. Suppose that L and N are acyclic and that Ho(g, L) and Ho(g, N) are Hausdorff. 

Then M is acyclic, Ho(g, M) is Hausdorff. and — > Ho(g,£) — > Ho(g, M) — > Ho(g, N) — > is a short 
exact sequence. 

Proof. The long exact sequence implies that M is acyclic and — > Ho(g, L) — > Ho(g, M) —> Ho(g, N) —> 
is a short exact sequence. 

By Proposition I5.3.2[j5j) — > iV* — > M* — > L* is exact, by Corollary 15.3.31 L* is g-coacyclic (i.e. 
lT(g,L*) = for i > 0) and hence -> (N*) 3 (M*) 3 (L*) B ^ is exact. We have to show that 
qM is closed in M . For that it is enough to show that for any x £ M, if for any / £ (M*) 3 we have 
f(x) = then x <S gM. Let y be the image of x in N . We know that any / 6 (N*) 3 vanishes on y, and 
hence y <G gN . Hence 3a;' € gM such that x — x' E L. Since the map (M*) 3 — > (L*) 3 is onto, every 
clement in (L*) 3 vanishes on x — x'. Thus x — x' £ gL and hence x £ gM. □ 

We will also need the following lemma. 

Lemma 5.4.2. Let C\ —>•••—> Ck be a complex of linear spaces. Suppose that each Cj is equipped 
with a descending filtration F l (Cj) such that F°(Cj) = Cj, f]F l (Cj) = and lim<_ Cj/F l {Cj) = Cj, 

and d j {F i {Cj)) C F^Cj+i). Suppose that F i (C\)/F i+1 {Ci) > F l (C k )/ F i+1 (C k ) is exact. Then 

C\ Cfe is also exact. 

Proof. Let m £ Kerdj C Cj. Let vrij := [m] £ Cj / F l (Cj). We want to construct n £ Cj-i such that 
dj-i(n) = m. Since Cj_i = lim^ Cj-\jF l {Cj-\) for that it is enough to construct a compatible system 
of representatives n.; £ Cj-i/F l (Cj-i). We build this system by induction. Suppose we constructed 
ni and left n\ be an arbitrary lift of ni to C J _i/F I+1 (C :? _i). Consider e := uii + \ — d(n!^). Then 
e £ F l (C 3 )/F l+1 {Cj). Moreover, d(e) = 0. Hence there exists S £ F l (C / F l+1 {C j^) such that 
d(5) = e. Define ni + i := n[ + S. □ 

Proof of Lemma \3.1.9\ Lemma 15.4.11 implies by induction that ir/F l (ir) is acyclic and Ai := 
Ho(g, 7r/F l (7r)) is Hausdorff, and hence is a nuclear Frechet space. Lemma 15.4.11 also implies that 
Ai — > Ai + i is onto. Define A^ := lim<_ Ai (as a linear, non-topological, representation). Consider 
the Koszul complex of tt extended by Aoa : 

(2) Q^A 00 ^ir^g®Tr^---^- A n (g) <g> it <- 0. 

Lemma f5 . 4 . 21 implies that the sequence © is exact. Hence tt is acyclic and the natural map Ho(g, tt) — > Aoo 
is an isomorphism (of vector spaces). 

Let pi : tt — > tt/F' 1 (tt) denote the natural projection. The exactness of ([2]) implies 

g7T = f)p- 1 (g(TT/F*(TT))) 

i 

which in turn implies that gn is closed and thus Ho(g,7r) is a nuclear Frechet space. 

Consider the short exact sequence —> F % (tt) — > tt — > tt/(F 1 (tt)) — > 0. We showed that it consists of 
acyclic objects and that Ho(g, F 1 (tt)) and Hg(g, tt / {F" 1 {tt))) are Hausdorff. By Lemma T5.4.1I this implies 
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that — > Ho(fl,F l (7r)) — > H o (0,7r) — > H (fl, tt/(F 1 (tt))) — > is a short exact sequence of nuclear Frechet 
spaces and hence the image of H (g, F*(ir)) H (;j, 7r) is closed. 

Note that F 1 (R (q,tt)) = H (fj, F l (n)). To sum up, H (g, 7r) is a nuclear Frechet space, F t (R {8, ?*")) 
are closed, the natural morphisms F 8 (H o (0,7r)) — > Ho(g,7r 4 ) are isomorphisms and H (rj,7r) = = 
nmHo(fl,7r)/(^(Ho(fl,7r))). □ 

5.5. More on Schwartz functions on Nash manifolds. In this subsection we will recall some prop- 
erties of Nash manifolds and Schwartz functions over them. We work in the notation of |AG08j , where 
one can read about Nash manifolds and Schwartz distributions over them. More detailed references on 
Nash manifolds are |BCR98| and |Shi87j . 

Nash manifolds are equipped with the restricted topology, in which open sets are open semi-algebraic 
sets. This is not a topology in the usual sense of the word as infinite unions of open sets are not necessarily 
open sets in the restricted topology. However, finite unions of open sets are open and therefore in the 
restricted topology we consider only finite covers. In particular, if £ over X is a Nash vector bundle it 
means that there exists a finite open cover Ui of X such that £\ui is trivial. 

Fix a Nash manifold X and a Nash bundle £ over X. 

An important property of Nash manifolds is 

Theorem 5.5.1 (Local triviality of Nash manifolds; |Shi87| . Theorem 1.5.12 ). Any Nash manifold can 
be covered by a finite number of open submanifolds Nash diffeomorphic to W l . 

Together with |AG081 Corollary 3.6.3] this implies 

Theorem 5.5.2. Let Y <Z X be a closed Nash submanifold. Then there exist open sunsets {Ui}™ =1 C X 
and Nash diffeomorphisms & : W 1 Ui such that Y C Uf =1 Ui and (f>^(Ui (lY) is a linear subspace of 
K". 

Theorem 5.5.3 f |AG10j . Theorem 2.4.16). Let s : X — > Y be a surjective submersive Nash map. Then 

k 

locally it has a Nash section, i.e. there exists a finite open cover Y = |J Ui such that s has a Nash 

i=i 

section on each Ui. 

Corollary 5.5.4. An etale map (f> : X — > Y of Nash manifolds is locally an isomorphism. That means 
that there exists a finite cover X = [J Ui such that <fi\ui is an isomorphism onto its open image. 

Corollary 5.5.5 ( |AG09j . Theorem B.2.3). Let p : X — > Y be a Nash submersion of Nash manifolds. 
Then there exist a finite open (semi- algebraic) cover X = (J Ui and isomorphisms </>,; : Ui = Wi and 
ipi : p(Ui) = Oi where Wi C K di and Oi C are open (semi- algebraic) subsets, fcj < di and p\jj i 
correspond to the standard projections. 

Notation 5.5.6. Let U C X be an open (Nash) subset. We denote by Nash(£7, £) the space of Nash 
sections of £ on U. 

Definition 5.5.7. We call a Nash action of a Nash group G on X strictly simple if it is simple (i.e. all 
stabilizers are trivial) and there exists a geometric (separated) Nash quotient G\X (see [AGIO! Definition 
4.0.4];. 

Proposition 5.5.8 f jAGlOj . Proposition 4.0.14). Let H < G < G n be Nash groups. Then the action of 
H on G is strictly simple. 

Corollary 5.5.9. Let H < G < G n be Nash groups. Let X be a transitive Nash G-manifold. Then there 
exists a geometric quotient H\X. 

We will use the following theorem that describes the basic properties of Schwartz functions on Nash 
manifolds. 

Theorem 5.5.10. 

(i) <S(K n ) = Classical Schwartz functions onW 1 . 
(ii) The space S(X,£) is a nuclear Frechet space. 
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(Hi) Let Z C X be a closed Nash submanifold. Then the restriction maps S(X,£) onto S{Z,£\z). 
(iv) Let X = {J Ui be a finite open cover of X . Then a global section f of £ on X is a Schwartz section 
if and only if it can be written as f = $Z i=1 fi where fi £ S(Ui,£) (extended by zero to X). 

Moreover, there exists a tempered partition of unity 1 = X)"=i ^« such that for any Schwartz 
section f £ S(X,£) the section \f is a Schwartz section of £ on Ui (extended by zero to X). 
Note that this property implies that Schwartz sections form a cosheaf in the restricted topology, 
(v) Tempered sections of a Nash bundle £ over a Nash manifold X form a sheaf in the restricted topology. 
Namely, let Ui be a (finite) open Nash cover of X and let s £ T(X,£). Then s is a tempered section 
if and only if s\ui is a tempered section for any i. 
(vi) For any Nash manifold Y, 

S(X x Y) = S(X)®S(Y). 

Part © is |AG081 Theorem 4.1.3], part © is [AGIO! Corollary 2.6.2], for flm) see jAG081 §§1.5], for 
and (jvj) see |AG08I §§5], for © sec e.g. [AG10I Corollary 2.6.3]. 

Lemma 5.5.11 ( [AOS12] . Appendix A). Suppose 

-> £ i -> £ 2 -> £3 -> 

is an exact sequence of Nash bundles on X. Then 

S(X,£{) -»■ S(X,£ 2 ) -> S(X,£ 3 ) -> 0. 

is an exact sequence of Frechet spaces. 

For the proof we will need the following lemma. 

Lemma 5.5.12. Suppose 

0^£ 1 d \£ 2 d $£ 3 ^0 

is a finite exact sequence of Nash bundles on X. Then there exist an open Nash cover X = (J" Uj s.t. the 
sequence 

is isomorphic to the sequence 

(3) o->UjxVi-> Uj x (Vi © V 2 ) -+UjxV 2 ^0 

Where Vi are finite dimensional vector spaces, Ui x V denotes the constant bundle with fiber V and the 
maps in the sequence come from the the standard embedding and projection. 

This lemma is essential proven in jBCR98j , but for completeness let us prove it here. 

Proof. By the definition of a Nash bundle we can find a finite Nash open cover X = (J? Vj s.t. the 
bundles £i\vi are constant. Thus we may assume that £i are constant bundles with fibers Wi- Choose 
a basis for W 2 and let / be the collection of coordinate subspaces. For any V £ I denote Uv = {x £ 
X\((d 2 ) x )\v is an isomorphism}. Clearly Uv form a Nash cover of X. Thus we may assume that X = Uy 
for some V. in this case d\ gives an isomorphism between the constant bundle X x (W\ © V) and the 
constant bundle X x W 2 . Also d 2 gives an isomorphism between X x V and X x W3 . Those isomorphisms 
gives identification of the sequence 

0^XxW 1 ^XxW 2 ^Xx W 3 -K) 

with 

□ 

Proof of Lemma \5.5.11\ 

Step 1 The case when the sequence is as in ([3]). 

It follows immediately from the definition of Schwartz section of a Nash bundle. 
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Step 2 The general case 

Let X = (J Uj be a finite open Nash cover s.t. the sequence 

is isomorphic to a sequence 

f/ 3 - x Vi -> Uj x (Vi © V 2 ) -^U j xV 2 ^>-0 

as in Lemma 15.5.121 By Theorem 15.5. 10t[ iv ]) we can choose a partition of unity lx = Y1 e j where 
ej £ C°°{X) with Supp(ej) C Uj and such that for any i,j and any <j> £ S(X,£i) we have 
ej<j) £ S(Uj,Ei). Let s Ker(di) C S(X,£i) then we have 

□ 

The following Lemma follows immediately from Corollary 15.5.51 and Theorem 15. 5. lOljv]) . 

Lemma 5.5.13. Let p : Y — > X be a Nash surjective submersion of Nash manifolds. Let s £ T(X, £) be 
a set-theoretical global section of £ . Then s is tempered if and only if p*s is a tempered section of p*£. 

Lemma 5.5.14 ( AG09] .Theorem B.2.4). Let <f> : Y — > X be a Nash submersion of Nash manifolds. 
Then 

(i) there exists a unique continuous linear map (f>* : S(Y, </> (£)) — > S(X,£) such that for any f £ 
S(X,£*®D X ) and fx £ S{Y, cf 1 '{£)) we have 

[ (f(x),Mx)) = [ (pf(y),riy))- 

Jx&X JyGY 

Ln particular, we mean that both integrals converge. Here, (jy (£) = (/)*(£) <E) Dy , as in N otation \2.^.5\ 

(ii) If <p is surjective then <fi* is surjective. 

Lemma 5.5.15. / AGJ .Lemma B.1.4] Let G be a connected Nash group and g be the Lie algebra of G. 
Let p : G x X — > X be the projection. Let G act on S(G x X,p'(£)) by acting on the G coordinate. 
Consider the pushforward p* : S(G x X,p ! (£)) — > S(X,£). Then qS(G x X,p 7 (£)) = Ker(p*). 

Lemma 5.5.16. Let f : X — > R be a Nash function such that is a regular value of f. Then fS(X) = 
{^£S{X) : 0(/- 1 (O))=O}. 

Proof. By Theorem 15.5.21 and partition of unity (Theorem 15.5. 10t| rv | 'l. we can assume that X = R™ and 
/ _1 (0) = R n_1 C R". Let x : R" — > R be the last coordinate function. Since is a regular value of /, 
f jx is a smooth invertible function. Since / is a Nash function, f jx is also a Nash function. Thus, we 
can assume f — x. We have to show that the following sequence is exact. 

-> S{R n ) A S{R n ) R A S SiW 1 - 1 ) -> 0, 

where Res : <S(R") — > ^(R"" 1 ) is the restriction map. 

By the Schwartz Kernel Theorem (Proposition [vi} this sequence is isomorphic to 

5(R"~ 1 )§5(R) Id 4 x 5(R"- 1 )®5(R) Id( ^ es ^(M" -1 ) -> 0, 

where Res : <S(R) — > C is evaluation at 0. 

By Proposition l5.3.4l it is enough to prove the exactness in the case n = 1, which is obvious. □ 

We will use the following version of Borcl's lemma. 

Lemma 5.5.17. Let Z C X be Nash submanifold. 

Then Sx(Z) has a canonical countable decreasing filtration by closed subspaces (Sx(Z)Y satisfying 

(1) r](Sx(z)y = o 

(2) gr t (S x (Z,£)) S S(Z, Sym 1 (CNf) <g> £) 
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(3) the natural map 

S X (Z,£) -+ lim(S x (Z,£))/S x (Z,£)f) 

is an isomorpihsm. 
For proof see |AG1 Lemmas B.0.8 and B.0.9]. 

5.6. Good representations of geometric origin (Proof of Lemma 13.1. 6p . For the proof we will 
fix T, R and R' . We will need the following statements. 

Lemma 5.6.1. Let X be an R-transitive Nash manifold. Let £ be an R-tempered bundle on X . Suppose 
that for each x £ X, the V n -stabilizer of x acts trivially on the fiber £ x . Note that by Corollary \ 5.5.9\ 
there exists geometric quotient V n \X . Let p : X — > V n \X denote the projection. Then 

(1) there exists an R' -tempered bundle £' on the geometric quotient V n \X and a (tempered) isomor- 
phism of R-tempered bundles £ ^> p*(£'). 

(2) there exists an R' -tempered bundle £" on the geometric quotient V n \X and a (tempered) isomor- 
phism of R-tempered bundles £ p' {£")■ 

Proof. (HJ) Let x £ X and let R x be the stabilizer of x. Identify V n \X with Y := R'x. Let £' := £\y. 

We will construct a (tempered) isomorphism of i?-tempered bundles : £ —> p*(£'). In order 
to do that wc have to construct, for any x £ X, an clement <f> x £ Hom(£ x ,p*(£') x ). Note that 
Kom(£ x ,p* (£' ) x ) = 11om(£ x ,£p( x )). We know that there exists g £ V n such that gx = p(x). This g 
gives an element in <p x £ Hom(£ x ,p*(£') x ). The element g is not unique, but the assumptions of the 
lemma imply that <f> x does not depend on the choice of g. Now we have to show that the constructed 
4> £ T(X, Hom(£,p*(£' ))) is a tempered section. Consider the action map a : V n x Y — > X. Clearly, it 
is a surjective submersion. It is easy to see that a*{<j>) £ T(V n x Y, Hom(a*£, a* p* (£'))) is a tempered 
section. Thus, Lemma [5.5.131 implies that <fr £ T(X,H.oxa(£,p* (£'))) is a tempered section. 

© By part flTJ there exists a bundle (D$)' on V n \X such that p*((D§)') ~ Dy . We define £" := 
£'^{{D^)')*. □ 

Remark 5.6.2. An analog of this lemma holds for Nash equivariant bundles, and for multiplicative 
equivariant bundles, with an analogous proof. In particular, the isomorphism p* ((Dy)') ~ Dy is an 
isomorphism of Nash bundles. 

Corollary 5.6.3. Let X be a transitive R-Nash manifold. Let £ be a R- multiplicative bundle on X (see 
Definition \2. 5.J$ . Then there exists a filtration F l of £ by R-multiplicative bundles such that for every i 
there exists an R' -multiplicative bundle £[ on the geometric quotient V n \X such that F l (£)/F l ~ 1 (£) = 

To deduce this corollary we will use the following obvious lemma. 

Lemma 5.6.4. Let n be a multiplicative (finite dimensional) representation of a subgroup L ofV n . Then 
the Lie algebra of L acts nilpotently on n. 

Proof of Corollary\5jTM Let F l (£) C £ be defined by F l (£) := {(x,e) £ ^((tvy^e = 0}. By the last 
lemma (Lemma 15. 6.4j) the filtration F % (£) is exhaustive. Since £ is a tempered bundle, the action of the 
Lie algebra r is Nash and hence F l (£) are Nash. Clearly the action (v n ) x on F 1 (£)/F 1 ~ 1 (£) is trivial. 
Thus, by Lemma 15.6.11 we are done. □ 



Proof of Lemma \3.1.6{ The case Y = X and X is intransitive follows from Corollary 15.6.31 and Lemma 
15.5.111 By the Borel lemma (Lemma I5.5.17P , this implies the case when X is .R-transitive and Y is 
arbitrary. This in turn implies the general case by Corollary |2.4.4l □ 
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5.7. Induced representations as sections of multiplicative bundles (Proof of Lemma 13.1.?]) . 

Identify the variety X := G/H with K/{K D H). Note that under this identification £ = K Xkdh X- 
This is a Nash bundle. 

Let us show that the action of G on £ is multiplicative. The only non-trivial part is that any a £ Q n 
preserve the space of Nash sections of £ on any open (Nash) set. For this we note that 

Nash(t/,£) = {/ G C°°{p-\U))\f\K is Nash and f(gh) = x(h)f(g) for any h £ H}, 

where p : G — > X is the quotient map. Under this identification, an element a £ q acts on Nash([/, £) 
via a Nash vector field j3 on p _1 ([/). This field can be interpreted as a Nash map f3 : p~ l (U) — > g. Here 
we identify the Lie algebra q with the tangent space at a point g £ G using the differential of the left 
translation by g. Restrict (3 to K np _1 ((7) and decompose it to a sum of {5\ : K np _1 ((7) — > t and 
(3-2 ■ Ktlp^ 1 ^) — > f), where f) and I denote the Lie algebras of H and K respectively. Let / <G C°°(p~ *([/)) 
such that f\x is Nash and f{gh) = x(h)f{g) for any h £ H. Then ((3J)\k = /?i/|a' + dx ° h • f which is 
clearly a Nash function. □ 

5.8. Derivatives of quasi-regular representations on f„-orbits on flag varieties (Proofs of 
Lemmas 14.4.11 and 14.4.30 . 

Proof of Lemma \4-4-l\ The proof is by induction on n. In step 1 we reduce to the case when Y = X = 
Pn/Q\- Let Z and Zq to be as in Lemma T4.3.6I and p : X — > Z denote the natural projection. In step 2 
we reduce to the case £ = p ? (£'), where £' is a G„_i-multiplicative bundle on Z. In step 3 we prove the 
lemma for this case. 

Step 1 Reduction to the case Y = X = P n /Q\ 

By Lemma [5.5. 171 Sy(X, £) is a good extension of TTi := S(X, £\x ® Syra 1 (C N^) . By Lemma 
13.1.61 -Ki are good. Thus, by Corollarv l3.1.10[ i? i+1 (7r) is a good extension of E l+1 {-Ki). Thus it is 
enough to show that E l+1 (iVi) = 0. 

Step 2 Reduction to the case £ = p' (£'), where £' is a G„_i-multiplicative bundle on Z. 

By Corollary 15.6.31 we have a finite filtration on £ and G rl _i-multiplicative bundles £[ on 
Z such that p ' (£i) — Gr l {£). By Lemma 15.5.111 this gives a filtration on S(X, £) such 
that Gr z (S(X,£)) = S(X 7 p ? (£;)). As before, this means that it is enough to show that 
E^(S(X,p' ! '(ft))) =0- 

Step 3 Proof for the case £ = p (£'). 

By the key lemma (Lemma 13.1. ip . $(7r) = S(Zo,£'). Denote Oj := P n -\x % ^ for 1 < j < i. 
By Corollary S33] and Lemma HlTol Z = Uj-=i°a- % Corollary l2"X4l there is a filtra- 
tion on S(Z ,£') such that Gr j (S(Z , £')) = S Zo (0^,£'). Thus it is enough to show that 
E l (S Zo (O l 3,£')) = for any j. By Corollary [OH Of ^ P n -i/Q{,- Thus, by the induction 
hypothesis, E z (S Zo (0^ £')) = 0. 

□ 

For the proof of Lemma l4.4.31 consider the embedding of G n -i to G n obtained by conjugating the stan- 
dard embedding by the permutation matrix corresponding to the permutation (m\ , m\ + 1 , . . . , n) . Under 
this embedding, P x - embeds into P x . Denote p l k := (| dct I" 1 / 2 , . . . , | dct I" 1 / 2 , 1, | det I 1 / 2 , . . . , | dct I 1 / 2 ) £ 
3L k , where 1 stands on place number i. We will need the following straightforward computation. 

Lemma 5.8.1. Let a £ X k . Then 

X\,c\p x - = X\-, a .f>i h , 
where a ■ f3 l k £ X k denotes the coordinate-wise product. 

Proof of Lemma \4-4-3\ The proof is by induction. Let us first prove the base i = 1. Note that X = 
Pn/Q\ — G n -i/P x - . Thus 7t|g 7i _ 1 = S(G n -i/P x - , £ ). Consider the fiber of £ at the class of 1 as a 
character of P x - . We get £ Xo = X\Ap - = X\- a .Ri°- Thus 

fc A k ' " fc 

n\G n -i = X( ni ),( Ql |dct|-i/2) X • • • X X(n fc _ 1 ),(a fc _ 1 |dot|-i/2) X X(n k -l),(a k )- 
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For the induction step, we assume i > and let Z, Zq and A' be as in Lemma 14.3.61 and p : X — > Z 
denote the natural projection. By Lemma 15.6.11 (and Remark 15. 6.2j) there exists a G n _i-multiplicative 
equivariant bundle £' on Z such that £ = p"(£'). By the key lemma (Lemma 13. 1 . 1[) . $(7r) = S(Zq,£') ® 
| det I" 1 / 2 . By Corollary [OR] and Lemma [OH Z = [f r^ 0%. By Corollary [233I there is a filtration 
F 3 on S(Z ,£') such that Gr^(S(Z ,£')) = S z<) (0%,£'). By Corollary 13X41 0% = P n -i/Q{,- Thus, by 
Lemma OH ^ 2 {S Za (0$, £ ')) = for j <i - 1. Thus 

= ^"V) = $*- 2 ($(7r)) = & l - 2 (S Za (Oir\£') ® | det |" 1/2 ) = 

* < ~ a (5(Oj;?- 1 J f / <8 | det |" 1/2 )) = F i - 1 (5(0^r 1 ,f ' (8 | det I" 1 / 2 )). 

In the last expression we consider the character | det | -1 ' 2 of P„_i as a constant P„_i-equivariant bundle 
on Zq. 

Consider V\ := £' | *,«— i and ^2 := ^L*.*-! as characters of (P„_i) = Q\7 • Note that 

and thus z/i = ^2 <8> Xv^Iq* -1 > wnere P = (I det |, . . . , | det |, 1, . . . , 1), where the last appearance of | det | 
is in the place fc — i + 1. Thus 

(£' <8> I det |- 1/2 )| x «-i = "1 ® I det I" 1 / 2 = ^ ■ xl^lg^ ' I det |~ 1/2 = 

(xi,ai Q *7^ '^Iqit 1 • i det r 1/2 )i = ((xi,Jp-o -xi"i • id«tr 1/a )i ^ = 

(4"i-^ fe - i+i " ^ • 1 det ^'^^oiv 1 = ^,i Ql7l , 

where a' = (or, . . . , a k - l} a k -i+\\ det | 1/2 , a fc _ l+ 2, . . . , a k ). 
Thus, by the induction hypothesis, 

^(7r)| „_ 4 = E^\S(O l x -^,£' ® I det T 1 / 2 )) = 

XCnO.Caddetl-Vz) X • • • X XCnj,-,)^^-^ det X X(n fe _ i+ i-l),(a fe _ j+1 ) X • • • X X(n k -l),{a h ) 

□ 

6. Homology of geometric representations and the proof of the key lemma (Lemma 

6.1. Sketch of the proof. We have to compute 0„-homology of the representation S(X, £ ) (g) (— xp). Wc 
first note that this task is local on X 1 = V n \X, i.e. if we cover X' by subsets U \ it is enough to compute 
the homology of S(p~ 1 (Ui),£) ® (— tp). Now we can cover X' by refined enough cover s.t. for each Ui , 
the space p^ 1 ([/,;) will look like a product Ui x W where W is a I/^-orbit and the bundle £\u i is trivial. 
Thus we reduced to computation of homology of S{Ui x W) <X> (— tp). 

Note that the action of V„ on Ui x W is not the usual product action but rather a twisted product, 
i.e. the action V n on its orbit {x} x W depends on the point x G Ui. We can untwist this product (see 
Proposition ^. 2. 5j) but this will cause a twist in the character -0. Namely, it will replace it by a line bundle 
£ where the action of V„ on £{ x y x w depends on the point x 6 Ui. Thus we reduce to computation of 
homology oi S(Ui x W, £)■ 

Now we use a relative version of the Shapiro Lemma (see Theorem I6.2.1[) in order to reduce to the 
computation of the homology of S(Ui, £) as a representation of the stabilizer (V n )o in V n of a point £ W. 
Note that the action of (V n )o on J7, is trivial and thus we can view S(Ui,£) as a family of characters, 
i.e. it is defined by a map <f> from Ui to the space iy n )o of characters of (V^)o- In Lemma [6.2.21 wc 
compute homology of such families under the assumption that <p is submersive at the trivial character. 
This assumption is satisfied in our case due to the action of P„. 

Remark 6.1.1. The proof is based on series of reductions. If we were interested only in acyclicity then 
one could give a relatively simple proof in which each of those reductions is given by general statements. 
However we are also interested in computation of Hq and this makes those reductions more complicated. 
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For example in the first step when we say that the computation is local one should explain what does this 
mean. We do it by constructing an explicit morphism I : Ho(t) n , S(X, £) ® {— ?/>)) — > S{X' Q ,£ \x' ) an d 
proving that this morphism is an isomorphism rather than proving that there exists some isomorphism. 
This forces us to make each reduction more explicit. This is sometimes unpleasant since some of the 
reductions e.g. the Shapiro lemma are using the general machinery of homological algebra which usually 
is not so explicit. 

Therefore if the reader is not interested in all the details we recommend him to skip all the parts that 
regard Ho and concentrate only on the acyclicity. The computation of Ho is essentially the same but its 
exposition is much longer. 

6.2. Ingredients of the proof. We will need the following version of Shapiro lemma. 

Theorem 6.2.1 (Relative Shapiro lemma). Let G be an affine Nash group and X be a transitive Nash 
G-manifold. Let Y be a Nash manifold. Let x G X and denote H := G x . Let £ — > X x Y be a G 
equivariant Nash bundle. Suppose that G and H are homologically trivial (i.e. all their homology except 
Ho vanish and Ho = RJ. Let X : G x Y — > R be a Nash map such that for any y G Y , the map X\cx{y} * s 
a group homomorphism. Let X' be 1-dimensional G-equivariant bundle on Y , with action of G given by 
g(y,v) = (jj,9(X(g,y))v). Let £' := £ ® (C X'), where C denotes the trivial bundle on X andM denotes 
exterior tensor product. Then 

Ki(S,S(X x Y,£')) = Bi%S{{x} x Y,£[ x}xY ® A H ■ (A^)\ H )), 

where Ah and Aq denote the modular characters of the groups H and G. 

The proof of this theorem is along the lines of the proof of [AGIO! Theorem 4.0.9]. We give it in 
Appendix [X] 

Lemma 6.2.2. Let X be a Nash manifold and V be a real vector space. Let <j> : X — > V* be a Nash map. 
Suppose that OGf* is a regular value of </>. Lt gives a map \ '■ V ~ * T{X) given by x{ v )( x ) = 0{4>( x )( v )) 
(recall that T(X) denotes the space of tempered functions). This gives an action of V on S(X) by 
7r ( w )(/) : = X(v) ■ f ■ Then 
(i) Ri(t),S(X)) = for i > 0. 

(ii) Let Xq := _1 (O). Note that it is smooth. Let r denote the restriction map r : S{X) — > S(Xq). 
Then r gives an isomorphism Hq(v,S(X)) —> S(Xo). 

We will prove this lemma in ^6.51 

Notation 6.2.3. In the situation of the Lemma we will denote the action of on S(X) by Tx.<p- 

In order to check the conditions of Lemma 16.2.21 we will need the following lemma that we will prove 
in §SH>] 

Lemma 6.2.4. Let a Nash group G act linearly on a finite- dimensional vector space V over F, such that 
the action on V* \ is transitive. Let Q be a closed Nash subgroup of G and L be a vector subspace of V 
stabilized by Q. Let (p G V* be a functional. Consider the map a : G — > L* defined by a(g) := gip\L- Let 
U C G/Q be an open (Nash) subset and s : U — > G be a local Nash section of the canonical projection 
p : G — > G/Q. Then is a regular value of fi := ao s. 

Proposition 6.2.5. Let a Nash group G act transitively on a Nash manifold Y and let X be a Nash 
manifold. 

Let X "act" on G i.e. let G' be a Nash group acting on G by automorphisms and a : X — > G' be a 
Nash map. This defines a twisted action of G on X x Y . More precisely p\{g){x,y) = (x,a(x)(g)(y)). 
Let \ be a fixed tempered character of G. Let pi denote the non-twisted action of G on X x Y , i.e. 

P2(g)(x,y) = (gx,y). 

Define function X(g,x,y) = x((a(x))~ 1 (g)). Note that it does not depend on y. It defines a tempered 
(G, P2)— equvariant structure on the trivial line bundle on X x Y . We denote the resulting bundle by 
£. Let tti denote the representation of q on S(X x Y) <g> x given by the action p\ and 1^2 denote the 
representation of g on S(X x Y, £) given by the action p2- 

Then H«(fl,7Ti) = H*(fl,7r 2 ). 
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We will prove this proposition in 

Notation 6.2.6. In the situation of the proposition we will denote p\ by p a .x,Y o,nd 7Ti by Tr a ,x,Y- 

6.3. Proof of the key lemma. First, let us prove the following version of the lemma. 

Lemma 6.3.1. Let X' be a Nash manifold. Let — > L — > V W — > be an exact sequence of finite 
dimensional vector spaces over F. Let v : X' — > V* be a Nash map, such that is a regular value of the 
composition X' — > V* — > L* . Let Xq be the preimage ofO under this composition. Note that it is smooth. 
Fix a Haar measure on W . Let 7r„ be the representation of V on S(W x X') given by 

it v (v)(f)(z,w) := 6((u(z),v))f(z,w+p(v)). 

Then 
(i) 7r„ is acyclic 

(ii) Note that v(X'q) C W* C V* . Let Vq : Xq — > W* be the map given by restriction of v. Let 
F G T(X Q x W) be given by F(z,w) := (v (z),w). Consider the map I v : S(W x X') -> S{X' ) 
given by I u (f) '■= (pi"x')*(f\x' y.w ' F)> where prx> '■ W x X' —> W denotes the projection. Then I u 
defines an isomorphism Ho(t>,7r„) S(X ). 

Proof. By the relative Shapiro Lemma (Lemma 16.2. 1[) it is enough to show that tx>,v (see Notation 
16.2.31) is acyclic. This follows from Lemma T6. 2.21 

(|n|) Fix a Haar measure on L. Since we fixed a Haar measure on W, this defines a Haar measure 
on V as well. Define F G T(X' x V) by F(z,v) := (v(z),v). Define I : S(X' x V) -> S(X') by 
1(f) = (P r X')*(f) ■ F. Let r : S(X') — > S(X ) denote the restriction. Let /i : X 1 — > L* be the composition 
of v with V*-»L* . Define an action 7r y of V on S(X' x V) given by 

7r v (v)(f)(z, v') := 6((v(z),v))f(z, v' + v). 

Define an action a of L on S(X' x V) by a(l)(f)(z, v') := f(z, v' + I). 
Note that the following diagram is commutative 



(1) 



(2) 



(3) 



(1) 

(2) 1®S(X' xV) 

Id t ®T 

(3) 1®S(X') — 



, Id„®{Id x i xp)» 

t>®S(X' x V) > D«5(Wxr) 



da 



(In,, 



d/K v 



(Id i xr>) 

S(X' x V) — x — >■ S{W x X') 



I 

■S(X')- 



I 



" 



Recall that , used in the diagram, is defined in Notation 16.2.31 It is enough to show that column 
(3) is exact. First, let us show that column (2) is exact. The map I is onto by Lemma 15.5.141 and 
the exactness in the place of S(X' x V) follows from 15.5.151 The exactness of row (2) is proven in the 
same way. The exactness of row (3) follows from Lemma T6. 2. 2 1 The exactness of column (2) implies the 
exactness or column (1). Let us prove that column (3) is exact. First, note that / is onto by Lemma 
15.5.141 and Theorem EXTUljml). 

Now, let / G Ker(7) C S(W x X'). Let / G S(X' x V) be its preimage under (Id x Then 
/(/) G Ker(r) = Im(r M ). Let h G I ® S(X') be a preimage of /(/) and let h be a preimage of h in 
1®S(X' x V). Then da(h) - f G Ker(I) = lmdn u . Now, 

/ = (7dxp)«(/) = (Id x p)*(f - da(h) + do-(h)) = (Id x p)*(/ - da(h)) G (Id x p),(hndTr u ) C hn(dn„) 
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□ 

We will prove the following Lemma which clearly implies the key lemma. 

Lemma 6.3.2. Let T be a Nash linear group and let R := P n x T and R' := G„_i x T . Let Q < R be a 
Nash subgroup and let X C R/Q be a V n -invariant open Nash subset and X' := V n \X . Note that X' is 
an open Nash subset of R' /Q', where Q' = Q/(Q H V n ). Let Xq = {x £ X : ip\(y n ) x = !■} Let Xq be the 
image of Xo in X' . Let £' be a R' -equivariant tempered bundle on R'/Q' and £ := \x')- Then 

(i) Ri(t) n ,S(X,£) <g> = for any i > 0. 

(ii) Xq is smooth 

(Hi) Since X' C R'/Q' and X C R/Q we have a canonical section to pz and will consider X' as a closed 
submanifold of X . Consider the action map a : Xq x V„ — > Xq- Let S = 1 B ^ £ T(Xq x V n ). Note 
that So is constant along the fibers of a. Define S £ T(Xq) such that a*(S) = Eo- Consider the map 
L : S{X,p'£) -> S(X ,£\ X ' o ) given by 1(f) := [px'\x a )*{f\x' • £). Then L gives an isomorphism 
Ho(o„, S(X,p£ )) S(X' ,£\x'), as representations of\) n -i- 

Remark 6.3.3. The open subset X C R/Q is not necessary P n -\ -invariant, but p„_i will still act on 
the homology. 

First let us prove the following special case. 

Lemma 6.3.4. Lemma 1 6. 3. 2\ holds under the assumption that there exists a Nash section a : X' — > R' 
of the quotient map R' — > R' /Q' . 

Proof. Consider R'/Q' as a subset of R/Q. Without loss of generality we assume that the class of the 
unity element lies in X'. We will denote it by zq. Without loss of generality we assume a(zo) = 1. Let 
W := Px)(z ). Let L := iy n )i( Zo ) — Q H V n . It is a Nash subgroup of V n and hence is a real vector space. 
Note that W = V n /L. Define <fi : X' x V n — > X by 4>(z,v) := (a(z)v)z, where a(z)v denotes the action 
of a(z) £ G„-i on v £ V n . Note that <j> factors through X' x W and let cj> be the corresponding map 
X' x W — > X. It is easy to see that cf> is a Nash diffcomorphism and intertwines p a ,x',W with the action 
of V n on X (see Notation l6.2.6[) . 

Note that the section a gives a tempered isomorphism between £'\x' and the trivial bundle with fiber 
£' ZQ . Thus (j> gives an V n -isomorphism cj)' : S(X,£) ® (~~ip) — ~> ^ a ,x',w ® £' Zo - Define v : X' — > V* 
by v(z)(v) := ip(a(z)v). Note that Xq coincides with Xq from Lemma f6 . 3 . 1 1 Note that the underlying 
vector space of iT at x',w coincides with the underlying vector space of 7r, y from Lcmma l6.3.1l Thus we can 
consider L v ® Id as a map ir a! x',w (8 £' Za — > S(Xq) <x> £' Zq = S(X'q,£'\x' q )- Note that <j> intertwines the 
map I to I u ® Id. 

By Proposition 16.2.51 H*(o„, Tr a .x'.w) — H*(rJ„, ir v ) and on Ho the isomorphism is just equality of 
quotient spaces. Thus it is enough to show that ir v is acyclic and I v defines an isomorphism Ho(o„, tt^) ^> 
S(Xq). To show this, by Lemma 15.3.11 it is enough to show that is a regular value of the composition 
v L : X' A V* ->■ L*. This follows from Lemma IB"X4l 

□ 

Proof of Lemma [6. 3. 2\ Let q : R' — >• R'/Q' be the quotient map. By Theorem 15. 5. 3[ there exists a finite 
Nash cover {£/;} of X' C R'/Q' and sections s, : C/j — > i?' of 9. By Lemma [6.3.41 S(p^,(Ui),£\ p -i^ u ^) is 

acyclic and ^Up-Jm.) £i ) gives an isomorphism 

Eo(x> n ,S{px}{Ui),£ | p -i (t/i) )) ^> S(E/i n X 0! f'| t/inx; J- 
Consider the extended Kozsul complex of S(X,£) ® (— ?/;): 

(4) ->■ A"(o„) <g) ® 4 • • ■ 4 0„ (8) SpO ® (-V) 4 <g) (-^) 5(X , f '| x ,) -> 

We have to show that it is exact. The fact that I is onto follows from Theorem 15.5. 10t|m)) and Lemma 
15.5.141 Let us show that it is exact in place I > 0, i.e. at the object A l (\3 n ) <£> S(X). Choose a partition 
of unity ej corresponding to the cover X' = (J C/j . 
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Let a € Kerd; C A'(d„) ®S(X) ® (-ip). Consider 

p*(ei)a e Kerdi|Ai(t, n ) ( g)5(p- 1 (a i )i»(-V'))- 

By Lemma 16.3.41 we have 

p*(ei)a G Im(di + i| A (( Bi> ) 8<S (p-i( [ / j ) 8 (_^,))) and thus a = ^p*(e,)a G Im(d/+i). 

□ 

6.4. Untwisting a product (Proof of Proposition 16.2. 5p . 

Lemma 6.4.1. Let q be a Lie algebra and A be a commutative algebra with 1. Let M be a (U(q) (g) A)- 
module. Then H»(g, M) = H*(g ® A, M). 

Proof. Let .4 be the category of (U (g) (8 A)-modules and 23 be the category of g-modules. Let T : A — > £ 
be the forgetful functor and Q : B Vect be the functor of g co- invariants. Note that £/ o J 7 is the functor 
of coinvariants with respect to the Lie algebra g (g> A By Lemma 15.1.51 we have 

V{goF) = V{g)oF. 

This proves the assertion. □ 

Proof of Provosition \6.2~5[ Extend the representations 7Tj to representations of T(X) ® g = T(X, g). 

Let & : TpT,g) — > 7"(X, g) be given by b(f)(x) = a(x)(f(x)). Note that b is invertible. Let us show 
that III = n 2 o b. 

First, note that as linear spaces both can be identified with S(X x Y). Now, denote by dpi the 
corresponding maps from g to the space of vector fields onlxy and by dX : gx X xY the differential 
of X in the first variable. Let / G T(X,q), h G S(X x Y), and (x, y) £ X xY. Then 

(n x (/)/*)(*, tf) - (d Pl (f(x))h)(x,y) + X (f(x))h(x,y) = (dp 2 (a(x)(f(x)))h)(x,y)+ X (f(x))h(x,y) = 
(dp 2 (a(x)(f(x)))h)(x,y)+ X (a(x)- 1 (a(x)(f(x))))-h(x,y) = 
(dp 2 (a(x)(f(x)))h)(x,y) + dX(a(x)(f(x)),x,y) ■ h(x,y) = 

(d P2 ((b(f)(x))h)(x, y) + dX(b(f)(x), x, y) ■ h(x, y) = (U 2 (b(f))(h))(x, y) 

Now 

H*(g,7r 2 ) = H*(T(X)®g,n 2 )^H*(T(X)®g,ni) = H*(g,7n). 

□ 

6.5. Homology of families of characters (Proof of Lemma 16. 2. 2|) . We prove the lemma by induc- 
tion on dim V. 

Base: dim]/ = 1. In this case we have to show that the following extended Koszul complex is exact: 

<- S(X ) A S(X) ^V® S(X) <- 0. 
Let v G V be a generator. Then the complex is isomorphic to 

4- S(X ) £■ S{X) S{X) <- 0, 

where m/ l (/) = hf, and h(x) = d0((v, <p(x)}). Clearly, rrih is injective. The map r is onto by Theorem 
15.5. 10t|iiT]) Note that ih is a real- valued Nash function and is its regular value. The exactness in the 
middle follows now from Lemma 15.5.161 

Induction step. Let us first prove (0). Let L < V be a one-dimensional subspace. Let 4*l denote 
the composition X — > V* — > L* . Note that is a regular value of 4>l and let X^q := 0^ 1 (O). By the 
induction base, S(X) is [-acyclic and tl '■ Ho([, S(X)) S(Xl.q). Note that this is an isomorphism of 
representations of V/L. Note also that (f)(X Lfi ) C (V/L)* = L i cV and let 0' denote <j>\x Li0 ■ X Ly0 
(V/L)*. Note that is a regular value of </>'. Finally, note that the action of V/L on S(Xla) is Tx L ,tf>'- 
Thus, by the induction hypothesis, Ho(I,«S(X)) is F/L-acyclic and Lemma 15. 1.71 implies that S(X) is 
V- acyclic. 
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To prove (JTTJ) note first that r is onto by Theorem 15 . 5 . 1 Q[jm)) . Now we have to show that ttS(X) = Ker r. 
The inclusion C is obvious. Let / £ Kerr. Consider f\x L - As before, the induction hypothesis implies 
f\x L , a G {t>/l)S(X L>0 ). Let h £ (t>/Q<85(X £ ,o) = r Xi , ,^((t)/[)®5(X L ,o)) such that = r Xl ,^(/i). 
By Theorem 15.5. fOtpU]) .we may extend h to h £ D ® 5(^0- Now, (rx,4>(h) — f)x L = and hence by the 
induction base Tx,cj>{h) — f £ IS(X). This implies that / £ vS(X). □ 

6.6. Proof of Lemma 1 6. 2. 41 For the proof we will need the following straightforward lemma from linear 
algebra. 

Lemma 6.6.1. Let W\, W2 and W be linear spaces. Let T : Wi-^Wi and A : Wi-»W be epimorphisms. 
Suppose that KerT Z) Ker A. Then Ao S is onto, for any section S ofT. 

Proof of Lemma \6.2.4\ Let x £ U such that fj,(x) = 0. Without loss of generality, using the left action of 
G we can suppose s(x) = 1. Then <^|j, = and we have to show d\a o d x s is onto L*. The map d\a is 
onto by transitivity of the action of G on V* \ 0, and Kerdip C Kerdia since Q stabilizes L. Thus, by 
the previous lemma, d\a o d x s is onto. □ 

Appendix A. Proof of the relative Shapiro lemma 

We prove here Theorem 16.2.11 which is a version of the Shapiro lemma. A similar version was proven 
in |AG10j and our proof follows the lines of the proof there. 

Proposition A. 0.1 ( I AGIO] . Proposition 4.0.6). Let G be a Nash group and X be a Nash G-manifold. 
Suppose that the action is strictly simple (see Definition \5.5. 7[ ). Then the projection ir : X — > G \ X is a 
Nash locally trivial fibration. 

Corollary A. 0.2. Let G be a Nash group and X be a Nash G-manifold with strictly simple action. Let 
F — > X be a Nash G-eguivariant locally-trivial fibration. Then the action of G on the total space F is 
strictly simple. 

Proof. By the previous proposition we may assume without loss of generality that the map X — > G \ X 
is a trivial fibration. Hence we can identify X = (G \ X) x G. Now it is easy to see that G \ F = 

F\(G\X)x{l}- □ 

Corollary A. 0.3. Let G be a Nash group and X be a Nash G-manifold. Suppose that the action is 
strictly simple. Let £ be a Nash G-eguivariant bundle on X. Then there exists a Nash bundle £' on G\X 
such that £ = tt*£ / , where tt : X — > G \ X is the standard projection. 

Proof. Consider the action of G on the total space of £. Denote £' := G\£ and consider it as a Nash 
bundle over G\X. It is easy to see that £ = ir*£' . □ 

Definition A. 0.4. Let X be a Nash manifold and F be a Nash locally trivial fibration over X. Denote by 
H l c (F — > X) the natural Nash bundle on X such that for any x £ X we have H l c {F — > X) x = H l c {F x ). For 
its precise definition see [AG101 Notation 2.4.11]. Note that if F is a trivial fibration then H l c (F — > X) 
are trivial bundles. 

Definition A. 0.5. Let F ^> X be a locally trivial fibration. Let £ — > X be a Nash bundle. We define 
Tp^x C Tp by Tp-^x = Ker(d7r). We denote 

fi&x :=((T M )*) AI ®^£ 
Now we define the relative de-Rham complexes DR^(F —> X) and DR^ ac (F —> X) by 

DR £ S (F -> X) 1 := S(F, tff_+ x ) and DR £ Cac (F -> Xf := C°°(F, rff_+ x ). 

The differentials in those complexes are defined as the differential in the classical de-Rham complex. If £ 
is trivial we will omit it. 

Theorem A. 0.6 (see [AGIO] , Theorem 3.2.3). Let tt : F — > X be an affine Nash locally trivial fibration. 
Then 

H k {DR%{F -> X)) = S(X, H^(F -> X) <g> £). 
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This theorem gives us the following recipe for computing Lie algebra homology. 

Theorem A. 0.7. Let G be an affine Nash group. Let K be a Nash G-manifold and L be a Nash manifold. 
Let X := K x L. Let £ — > X be a Nash G-equivariant bundle. Let X : Gx L — > R be a Nash map such that 
for any I E L, the map £|gx{;} is a group homomorphism. Let X' be the 1-dimensional G-equivariant 
bundle on L, with action of G given by g(l,v) = (l,tjj{X(g))v). Let E' := f ® (C H I'). Note that £' is 
isomorphic to £ as a Nash bundle, though the G-equivariant structure on £' is not necessarily Nash. 

Let N be a strictly simple Nash G-manifold. Suppose that N and G are homologically trivial and affine. 
Denote F = X x TV . Note that the bundle £' M fl l N has G-equivariant structure given by diagonal action. 
Hence the relative de-Rham complex DRq^(F —¥ X) is a complex of representations of G. Consider the 
relative de-Rham complex DRg(F — > X) without the action of G as a subcomplex of DR^, aa {F — > X). 
Note that it is G-invariant. We denote by DR$ (F — > X) the complex DRg(F — > X) with the action of 
G induced from DR^, aa {F -t X). 

Then 

KifaSlX,?)) = H n -\{DR £ S {F -> X)) B ), 
where n is the dimension of X . 

To prove this theorem we will need the following statements. 

Lemma A. 0.8. Let G, L, TV, X, X' be as in Theorem \A.0.7\ Let X be a Nash manifold. Let £ be a 
Nash bundle over X x L x TV. Let £ ' = £ <g> (C M X' E C). Then S(X x L x N,£) ~ S(X xLx N,£') as 
representations ofG. 

Proof. By Theorem 15.5.1 Ot|rv|) and Proposition I A. 0.11 we can assume that TV = G x TV', for some Nash 
manifold TV'. Hence we can assume TV = G. Note that S(X x LxG,£) and S(X x LxG, £') arc identical 
as linear spaces. Now, the required isomorphism between them is given by a i— > (1 Kl (j/j o X))a. □ 

Lemma A. 0.9. Let G be an affine Nash group. Let F be a strictly simple Nash G-manifold. Denote 
X := G \ F. Let £ — > X be a Nash bundle. Then the relative de-Rham complex DR^(F X) % is 
isomorphic to the complex C(g,S(F,ir* £)) dlmB ~ l , where ir : F — > X is the standard projection, and 
C(q,W) denotes the Koszul complex of a representation W . 

The proof of this lemma is the same as the proof of [AGIO! Lemma 4.0.10]. 

Corollary A. 0.10. Let an affine Nash group G act strictly simply on a Nash manifold X. Let £ be a 
Nash G-equivariant bundle on X. Suppose that G is homologically trivial. Then S(X,£) is an acyclic 
representation of Q. 

Proof. Follows from Lemma |A~031 Theorem lA.0. 61 and Corollary fA.0.31 □ 

Proof of Theorem ] A. 0.7\ From Theorem IA.0.61 we know that the complex DR$(F —> X), as a complex 
of vector spaces, is a resolution of the vector space S(X,£). Hence the complex DR$ (F — > X) is a 
resolution of S(X,£') as a representation of g. 

So it is enough to prove that the representations S(F,£' ft l N ) arc g- acyclic. By Lemma [A.0. 81 

S(F, £Mn l N )= S(F, £' fi^v) 

as g-representations (though those isomorphisms do not commute with differentials). Hence it is enough 
to show that S(F,£ M Ojy) is acyclic. This follows from Corollary I A. 0.101 □ 

Lemma A. 0.11 ( |ACj . Corollary B.1.8). Let G be a connected affine Nash group, X be a Nash manifold 
and £ be a Nash bundle over X. Let g be the Lie algebra of G. Let p :GxI->I be the projection. Let 
G act on S(G x X,p- (£)) by acting on the G coordinate. Then the map p* : S(G x X,p- {£)) — > S(X,£) 
induces an isomorphism S(G x X,p'(£)) s = S(X, £). 

Corollary A. 0.12. Let G be a connected affine Nash group. Let F be a strictly simple Nash G-manifold. 
Denote X := G \ F . Let £ — > F be a G-equivariant Nash bundle. Let ir denote the projection map 
7r : F — > X . Let B be a Nash bundle on X such that £ = ir* B (B exists by Corollary \A . 0. 3\) . 

Then the map ir* : S(F, £ <E> D^) — > S(X, B) induces an isomorphism S(F, £ <E> D^) g = S(X, B). 
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Corollary A. 0.13. Let X be a Nash manifold and Y be a closed Nash submanifold. Let an affine Nash 
group G act on X strictly simply and H be a subgroup of G that acts on Y strictly simply. Suppose that 
the natural map H \Y — > G \ X is a Nash diffeomorphism. Suppose that G and H are homologically 
trivial. Let £ be a Nash G-equivariant bundle on X . Then 

S(X,£ ® Dx) B = S{Y,£\ Y ® D Y \. 

Moreover, let a : G x Y — > X denote the action map and pi : G x Y — > Y denote the projection on the 
second coordinate. Then 

(i) The map a* gives an isomorphism 

a, : S(G x Y,(CM £\ Y ) <g> D GxY <g> a*{D^-)) axtl ^ S(X,£) S 

(ii) The map (p?)* gives an isomorphism 

(p 2 )* : S(G xY,{CM £\ Y ) <g> D GxY <g> a^D^ 1 ))^ ^ S(Y, £\ Y <g> D Y <g> ((flx)ly)" 1 )!, 

Corollary A. 0.14. Let G be an affine Nash group and X be a transitive Nash G-manifold. Let N be a 
Nash manifold. Let x G X and denote H := G x . Suppose that G and H are homologically trivial. Let 
X = X x N x G and Y — {x} x N x G. Let £ be a bundle over X. Let X : G x N — >• K be a Nash map 
such that for any n G N, the map X\ Gx { n } * s a group homomorphism. Let X' be the 1-dimensional G- 
equivariant bundle on N , with the action of G given by g(n,v) = (n 1 ip(X(g))v). Let£' :— £<& (CMX'MC). 
Then 

(i) The map a* gives an isomorphism 

o» : S(G x Y, (C El £'\ Y ) ® D GxY ® a* (D^ 1 )) gX f, = S(X,£') a 

(ii) The map ijp2)* gives an isomorphism 

(pa). : S(G xY,(C® £'\ Y ) ® I? Gx y ® a* {D" 1 ))^ = S{Y,£'\ Y ® D Y ® ((Dx)^)- 1 ^ 
Now we are ready to prove the relative Shapiro Lemma. 

Proof of Theorem \6.2.1\ From Theorem lA.0.7l we see that 

Ri(g,S(X x N,£')) S H dimB -' l ((DR £ s (X xNxG^Xx N)) B ). 
Now, by Corollary lA.0. 141 

D|A X iV X Ct, "xxjVxG-^-XxivJfl — ^IW X 1M X (jr, 5'{ x } x jv X G->-{x}xiV / h * 

and this isomorphism commutes with de-Rham differential. Therefore 

{DR £ S {X xNxG^Xx N)) s S (ujjJ'Iw^^^w^^^^Iwx*^^ xJVxG-> {x} x A% 
and hence 

i7 dim0 - l ((L>i?|'(XxiVxG^ XxA^)) g ) S iJ dim£ '- l (( J Di?J l ^ }xN ® ( ^ 1|{x}KC) ({.T}xiVxG^ {a;}xJV)) h ) 
and again by Theorem IA.0.71 

£* Ri(t),S({x} x N,£'\ {x}xN ® (D x % } M C))) £* 

S Hi(^5({a:} x iV,£'| {;c} xAr ® A// ■ (A^U)). 

□ 
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Appendix B. Examples for the notation of ^4.31 

In order to help the reader to read Notations 14.3.11 and 14.4.21 Lemma 14.3.21 and Corollary 14.3.41 we 
describe explicitly the objects discussed in them on one example. Let n = 6 and A = (1,3,2). Then 
m\ = 1, m\ = 4, m\ = 6. Also, c is the permutation (234561), w\ = c° = Ide, w 2 = c 2 = (345612), w 3 = 
c 5 = (612345). We have 

PnWiPx = P n WlP X ,P n W 2 P X = P n W 2 P X UP nWl P X , P n W 3 P X = P n W 1 P X UP n W 2 P X UPnW 3 P X = G 6 , Pj = P X 



Typical matrices in P x , P n wiP x , P n W2P X , P 2 are of the forms 
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In order to help the reader to read Lemma [4.3.61 we describe explicitly the objects discussed there for 
i = 2. Let A' = Ag_ 2+1 = A^ = (1,2,2). Then w 2 } is the permutation (45123), wl;? = Id,w^ = (34512) 
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